The main results of this paper are:
−→ S −1 L(n+2)
• For all n ∈ N S −1 (H n (M * )) ∼ = S −1 A M (n + 2).
Introduction
In this article A is supposed unitary ring and all left A−module is a unitary.
In this article, we study the the localization in the category AG r − M od, of graded left A−modules , we construct the functor S
−1
Gr : AG r −M od −→ S −1 AG r −M od with S is the multiplicative set satisfying the left conditions of Ore formed of homogeneous elements of a graded ring A, also we construct the homology functor H n : COM P (AG r ) −→ AG r −M od and we make the localization of this functor with the multiplicative set S satisfying the left conditions of Ore formed of homogeneous elements of a graded domain A. This work finds its roots in particular as regards the functor S −1 : A − M od −→ S −1 A − M od in [9] , [10] and as regards the graduation of graded module of fractions in [15] et [16] , in particular if S is the multiplicative set satisfying the left conditions of Ore formed of homogeneous elements of a graded domain A then the ring of fractions S −1 A is graded ring. This article is presented as follows : In Section 2, we present a reminder containing all the definitions and background results of graded rings and modules and homological algebra extracted in [3] , [5] , [12] and [14] . In Section 3, we show the following results: Lets A = n∈Z A n be a graded domain, S is the multiplicative set satisfying the left con- 
is a graded morphism of graded left S
Gr A−module;
2. For all short exact sequence of graded morphisms of graded left A−module
we have the following short exact sequences of graded morphism of graded left S
Gr A−module
Gr A − M od which that for any graded left A−module M we correspond the graded left S A n is a graded duo-domain, P a prime ideal of A and S H is a set of homogeneous elements of A\P , then the relation S −1 P H (−) : AG r − M od −→ A P H − M od which that for any graded left A−module M we correspond the graded left A P H -module S −1 P H (M ) = M P H and for all graded morphism of graded left A−modules f : M −→ N we correspond the graded morphism S −1 P H (f ) of graded left A P H -modules is a exact covariant functor that preserves degrees.
Furthermore if
A is a positively graded ring and AG r − M od the category of graded left A−modules, then for all n ∈ N the relation (−)(n) : AG r −M od −→ AG r −M od which that for any positively graded A−module M we correspond M (n) and for all graded morphism of positively graded left A−modules f : M −→ N we correspond f (n) is a exact covariant functor that preserves degrees.
In the last section, we supposed that A = 1. The following complex sequence : we correspond H n (M * ) = M (n + 2) and for all associate complex chain f * to a morphism of positively graded left A−module f :
, is a covariant functor.
We have the composed functor
6. For all short exact sequence of a positively graded left A−modules
we have the following long exact sequence of a positively graded left A−modules
Furthermore we have the following longs exacts sequences of a positively graded left S −1 A−modules
2 Reminder and preliminary results
Definition 2.1
Let A be a ring, we say that A is a graded ring if there exists a family {A n } n∈Z of additive subgroup of A such that
In all that follows, A and M are supposed unitary.
Remark 2.1
Let A be a graded ring. We say that A is positively graded if A n = 0, ∀n < 0.
Definition 2.2
Let A = n∈Z A n be a graded ring and M be a left A−module, we say that M is a graded left A−module if there exist a suite (M n ) n∈Z of sub-group of M such that:
Remark 2.2
Lets A be a positively graded ring and M is graded left A−module We say that A is positively graded if M n = 0, ∀n < 0.
Definition 2.3
Lets A = n∈Z A n be a graded ring, M = n∈Z M n and N = n∈Z N n two graded left A−modules and f : M −→ N is a morphism of left A−modules, then we say that f is a graded morphism if for any m ∈ M of degree s ∈ Z then f (m) ∈ N of degree s ∈ Z and we say that f preserves degrees.
Definition 2.4
Lets A = n∈Z A n be a graded ring, M = n∈Z M n be a graded left A−module and N is a sub-module of M , then we say that N is a graded sub-module of M , if ∀x = n∈Z x n ∈ N , with x n ∈ M n , then x n ∈ N , ∀n ∈ Z.
A n be a graded positively ring and M = n∈N M n is graded positively left
is a graded sub-module of M and we have the descendant sequence :
In the other hand, it suffices to remark that
.
Theorem and Definition 2.1 Let A be a graded ring, then the following information:
1. The objects are the graded left A−modules;
2. The morphisms are graded morphisms.
constitute a category called the category of graded left A−module and it is denoted by AG r -Mod.
Proof
Lets M , N be two objects of AG r − M od, then M and N are two graded left A−modules and :
2. The morphisms are the graded morphisms then we have :
(b) Let M be an object of AG r − M od then we have :
Thus AG r − M od is a category.
) is a sequence of homomorphisms (f n : C n −→ C n ) n∈Z of A− modules making the following diagram commute :
Proposition and Definition 2.1 We called the category of complexes of A−modules and we denote COM P , the category whose :
1. The objects are the sequences complex;
2. The morphisms are the complexes chains.
Proof See [5] chapter 6.
Proposition and Definition 2.2
We called functor homology H n the functor H n : COM P −→ Ab defined by :
Theorem and Definition 2.2
be a short exact complex sequence, then for all n ∈ Z there exist a morphism of left
called connecting morphism such that the following long exact sequence is exact
3 Functor graduation S 
−1
Gr A−module.
Gr (f ) is a morphism of left S −1 A−module.
Gr (f ) preserves the degree, hence S
Gr (f ) is graded.
L n be three graded left A−modules and S be the multiplicative set satisfying the left conditions of Ore formed of homogeneous elements of A, then for every short exact sequences of a graded morphisms of a graded left A−module
we have the following short exact sequences of a graded morphisms of a graded left S
Gr A−modules:
is a short exact sequences of a morphisms of a left A−modules, then
is a short exact sequences of a morphisms of a left S
Gr A−modules, and since the theorem 3.4 of [11] and as S is a set formed of no null homogeneous elements of A and S
Gr (−) preserve degree, then we have
is a short exact sequences of a graded morphisms of a graded left S
Gr A−modules. Gr (f ) is a covariant functor that preserves degrees.
Proof
Let f : M −→ N be a graded morphism of a graded left A−modules, then 
Gr (f ).
Thus S
−1
Gr (−) is a exact covariant functor that preserves degrees. 
s is a graded morphism of A P −modules and for any graded left A−module M , S
is a exact covariant functor for the category AG r − M od to the category
is a exact covariant functor that preserves degrees. 
is graded morphism of a positively graded left A−modules.
Proof
We have f : M −→ N is graded morphism of positively graded left A−modules, and M (n) is a sub-module of graded left A−module M then let m ∈ M (n), so
Theorem 3.3
Lets A be a positively graded ring and AG r − M od the category of graded left A−modules, then for all n ∈ N the relation (−)(n) : AG r − M od −→ AG r − M od which that for any positively graded A−module M we correspond M (n) and for all graded morphism of positively graded left A−modules f : M −→ N we correspond f (n) is a exact covariant functor that preserves degrees.
Proof
Let f : M −→ N be a graded morphism of a positively graded left A−modules, we denote by (−)(n)(f ) = f (n) the morphism of a positively graded left A−modules of
2. Let f : M −→ N is graded morphism a positively graded left A−modules, then
is a graded morphism of a positively graded left A−modules. Furthermore
On the other hand
is a covariant functor that preserves degrees.
is a short exact sequences of a morphisms of a positively graded left A−modules, then
is a short exact sequences of a morphisms of a positively graded left A(n)modules.
4 Localization of complex of graded A−modules 
is a complex sequence. 
. . .
Let x ∈ M (n + 1), then there exist the unique couple (y, z) ∈ M n+1 × M (n + 2) such that
thus f * is a complex chain. 1. The following complex sequence :
The following complex chain :
As for all n ∈ N, M * and N * are two complex sequences of graded left A−module and as S be the multiplicative set satisfying the left conditions of Ore formed of homogeneous elements of A, then S −1 (M * ) and S −1 (N * ) are two complex sequences of a graded left S −1 A−module. Prove that for all n ∈ N, 1. The following complex sequence :
We have the functor S −1 () and the functor S −1 A A () are isomorph. On the other hand it suffices to prove that the following diagram is commutative
i.e. prove that for all n ∈ N we have Moreover S −1 (H n (M * )) ∼ = H n ((S −1 (M ) * ).
